ELSEVIER

Available online at www.sciencedirect.com

sc.sncs@p.“w

Coastal Engineering 53 (2006) 325 — 333

Coastal
Engineering

An International Journal for Coastal,
and i

www.elsevier.com/locate/coastaleng

Wave breaking velocity effects in depth-integrated models

Patrick J. Lynett

Department of Civil Engineering, Texas A&M University, College Station, TX 77843-3136, United States

Received 11 May 2005; received in revised form 25 August 2005; accepted 12 October 2005
Available online 21 November 2005

Abstract

A simple model for predicting the velocities under breaking waves in depth-integrated models is developed. A velocity modification due to
wave breaking is formulated based on a specific exponential profile, which is then added to the numerically predicted, depth-integrated velocity
profile. This modification is superficial in that it does not directly change the hydrodynamic calculations inside the depth-integrated model. The
modifications can be employed in any of the numerous Boussinesq-type models, and is not dependant on the use of a particular breaking
dissipation scheme. Horizontal velocity profiles, both mean and instantaneous, are compared with experimental data in the surf zone. The
comparisons show good agreement, markedly better than the un-modified results, and on par with published numerical results from sophisticated

models.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

For the near future, depth-integrated models will likely
dominate nearshore, wave-resolving simulation, in particular
when large spatial domains are considered. These models,
primarily the shallow water and Boussinesq-type variety,
predict the 3D wave field with 2D equations and so can
simulate large basins in a practical length of computational
time. While these properties seem to lead to great opportunities
for nearshore hydrodynamic predictions, the depth-integrated
derivation creates a set of equations for which some of the most
important nearshore physics are approximated, or left out
entirely.

Shallow-water-based depth-integrated models typically as-
sume that the vertical profile of velocity can be represented by
a polynomial, wherein the order of the polynomial is
proportional to the accuracy of the resulting model. For non-
breaking waves, this polynomial predicts the vertical profile of
velocity very well, even for strongly nonlinear waves (e.g., Wei
et al., 1995; Ryu et al., 2003), provided the wave is not in deep
water. Implicit with this velocity profile, and often a direct
inviscid assumption, is a lack of ability to simulate turbulence.
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To simulate nearshore hydrodynamics, some method must be
employed to approximate breaking, bottom friction, etc.

The depth-integrated model, in general, consists of one
continuity equation, solved for the free surface elevation, and
one vector momentum equation, solved for some characteristic
velocity. To simulate the effects of breaking, the most common
approach is to add a dissipation submodel to the momentum
equation. This is an ad hoc addition, as common depth-
integrated derivations start with an inviscid assumption, either
implicitly or explicitly. There are two primarily classes of
breaking models: the roller model (e.g., Madsen et al., 1997)
and the eddy viscosity model (e.g., Kennedy et al., 2000). The
two models can be roughly equated, although the parameters
controlling the dissipations are based on different physical
thresholds.

Through a calibration of the parameters inherent in these
models, very good agreement in wave height and mean water
level can be achieved for wave transformation through the
surf zone. Due to the success in applying the Boussinesq-type
model through the surf, the natural progression is to employ
these models for transport calculations. Transport calculations
become very sensitive to accurate representation of the mean
horizontal velocity, or undertow if below the mean trough
level. It was immediately recognized that the raw Boussinesq
model yielded very poor predictions of this undertow. For
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example, when using a Boussinesq-type model, here the two-
layer model of Lynett (in press), to predict the undertow of
the Cox et al. (1995) experiment, the results prove poor.
Shown in Fig. 1 are the numerical-experimental predictions.
The numerical profiles are the wave-averaged horizontal
velocities. As the numerical profiles are taken throughout
the water column, the undertow (below the trough) must be
balanced by the crest flux (above the trough). This should be
the case with any finite amplitude wave theory — some
undertow must be predicted.

Shown in the subplots at x=3.5 m and x=5.8 m, the
numerical undertow agrees very well with the experimental.
The reason for this is that at these locations, breaking has not
yet initiated or has just barely initiated, and thus the impact on
the profile due to breaking is minimal. These two plots are
another demonstration of the ability of the Boussinesq model to
simulate nearshore hydrodynamics accurately. Looking to the
other four profiles shown, located throughout the surf zone, it
is clear that the undertow is not predicted correctly in either
magnitude or vertical variation. The Boussinesq profiles are
always uniform below the trough, due to the Boussinesg-
interpreted long wave, inviscid nature of the breaking wave.
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Using the “raw” Boussinesq velocity profiles to predict the
undertow leads to significant errors.

To work around this obstacle within the Boussinesq
framework, researchers have developed solutions across a
range of physical complexity. On the sophisticated end are the
approaches similar to Veeramony and Svendsen (2000), who
solved a coupled set of Boussinesq and vorticity models. This
approach does involve the inevitable vorticity generation
calibration, as well as a relatively complex equation model
(compared to the standard Boussinesq), but yields very good
agreement when compared to the undertow data of Cox et al.
(1995).

Much of the work in examining Boussinesq velocity profiles
in the surf zone employs the surface roller breaking model,
used with the improved Boussinesq equations of Madsen et al.
(1997). This particular model is somewhat limited in its ability
to predict the vertical profile of velocity due to the manipula-
tions of the model equations, rather than the velocity profile
used to derive said equations (e.g., Nwogu, 1993). Due to these
manipulations, a velocity profile consistent with the solved
equations does not exist. However, in the surf zone, where
Boussinesq predicted velocities are close to uniform in the
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Fig. 1. Comparison with the data of Cox et al. (1995). Top plot is the numerical wave height profile (line) and the experimental (circles). The bottom row of plots are
the time-averaged horizontal velocities at various locations, given in the subplot titles. The experimental values are shown with the dots, and the “unmodified”

Boussinesq results by the solid line.
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vertical, this limitation will not impact the results greatly. When
using the roller breaking model, the horizontal velocity profile
under a breaking wave is modified such that in the roller
region, the velocity is assumed to be a large value related to the
local long wave speed, while the velocity under the roller is set
to a uniform value. This uniform value is determined such that
the modified flux is equal to the Boussinesq-predicted flux.
While this approach has been shown to yield reasonable
results, it is not possible for this concept to predict a vertically
varying undertow, as is measured in many experiments,
without additional hydrodynamic submodels.

2. Breaker effect on depth-integrated velocity profile

A consistent modification to the velocity profile due to
breaking is sought. In its foundation, the procedure given in
this section is similar to the roller approach used to modify the
vertical velocity profile, discussed above. Here, however,
properties of the velocity modifications will be taken from
the extended-Boussinesq theory.

Following the conventional perturbation derivation for
Boussinesq equations, the vertical profile of the vertical
velocity, W, is given in dimensionless form as:

W= —z8—T+0(u?) (1)
where
S=VU, T=V-(hU), (2)

z is the vertical coordinate, U is the vertically-varying
horizontal velocity vector, and / is the local water depth. To
include the impact of breaking induced velocity profile
changes, a fundamental modification is made to the above
velocity profile:

W= —zS— T +A(x,y,0)f (x,y,2,1) + O(u*) (3)

where 4 and f comprise some arbitrary function which is meant
to approximately account for breaking effects. Using this
modified vertical velocity, the horizontal velocity vector, as
referenced to a velocity at an arbitrary elevation, is given by:

2 2
zm —Zy

U:u—uz{TVS—&—(Z—za)VT}

+ uz{ v4 [/f(z)dz — /f(za)dz}
+AU Vf(z)dz — /Vf(za)dz]}JrO(u“) (4)

where u is the horizontal velocity evaluated at some arbitrary
elevation z,. The purpose of the additional terms in the
horizontal velocity profile will be to allow velocities near the
free surface to be larger when breaking is occurring, to better
represent the fast moving breaking region. It is desired that

U(x,y,(,t)=C(x,y,t) where C is some prescribed free surface
breaking velocity and ( is the free surface elevation. Further,
let us define the Boussinesq predicted free surface velocity

2_ .2
Therefore, a solution to the following expression is desired:

12V 4 { [r@d- [ f(a)dz}

+/ﬂA[/ V£()dz — /Vf(za)dz] =C — u (6)

Using the assumption that VA(z)=0(u?), employing f(z,)=

flz)+O(u?) where zg is some elevation in the water column,

and the substitution g=/ f dz, a relatively simple equations
results

g(l) —g(zs) =1 (7)

where VA4 has been set equal to % (C — us), and =1 when
breaking is occurring and is 0 otherwise. As the initial
modifications to the vertical velocity profile are ad hoc in
nature, there is no guidance contained directly in the depth-
integrated derivation as to what form g(z) should take. Since
the Boussinesq-model should capture the velocities correctly
if the phenomenon is of the shallow- or intermediate-water
type, we chose here to give g a deep-water based form, an
exponential:

g = BekEt) (8)

where B is a coefficient and & is some vertical wave number.
Substituting this form into (7) gives the solution for B:

1
B=——— 9
1 — ek(z=0) ( )
and we are left with the wave number, k, and the elevation,
zg, as unknowns. From this point on, all terms will be
discussed in their dimensional form. To summarize, the
modified horizontal velocity profile is given as:

U=Up+ Up (10)
where

22,2
Uo:u—{ 7 VS—&—(z—za)VT} (11)
Ug = VAlg(z) — g(zp)] (12)
VA =0C —us) (13)

It is noted that (10) is written in a more generic form using
Uo. While the derivation up to this point has looked at the
“extended” Boussinesq model, it is completely applicable to
any Boussinesq-type of model, for example depth-averaged
or multi-layer. In these cases, only the expression for Ug in
(11) would change.
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Fig. 2. Horizontal velocity modifications due to breaking, where the line with open circles is for {=0.3 A, the dashed line for {=0.2 A, the solid line for (=0, the

dashed—dotted line for {=—0.1 A, and the solid dotted line for {=—0.2 A.

With any modification of the velocity profiles comes a
modification to the resulting depth-integrated continuity and
momentum equations. The additional flux terms in the
continuity equation are

14
[ Vgl gl

— BV A |:% (1 _ e—kH) _Hek(ZB_C) (14)

where H={+h. Now, to solve the continuity equation, some
value for k£ must be given. There are a few possibilities here, for
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example, & can be related somehow to the total water depth, i.c.,
k=2m/H, or based on some other instantaneous wave property,
i.e., k = \/|{/{| where x is the direction of propagation of the
breaker. A value of k£ will be chosen that yields good agreement
with experiment — it will be the empirical parameter of the
breaking velocity modifications. With a given &, we are left with
zp as the remaining unspecified variable. Here, a choice is made
for z based on experience when using the Boussinesq model
for breaking wave studies. It is seen that the “unmodified”
model, when using either a roller or eddy—viscosity breaker
submodel in the momentum equation, reproduces mean
quantities (wave height, mean free surface, etc.) in the surf
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Fig. 3. Comparison with the data of Cox et al. (1995), using the same setup as in Fig. 1. The experimental values are shown with the dots, the breaking-enhanced
Boussinesq by the solid line, and the unmodified Boussinesq results by the dashed—dotted line.
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accurately. Thus the flux predicted by the “unmodified” model
is already well predicted. We will chose zg such that the new
terms do not change the flux, i.e.,

4
[ Vel — glan)liz =0
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velocity addition highly localized at the surface and a small
velocity subtraction in the remaining water column, with zg
approaching (.

Looking to the momentum equation, additional terms will
also be present when carrying through the modified velocity
profiles. The assumption is made that the breaking submodels
have already taken these terms in account in some approximate
form. Thus, it can be concluded that the modifications given by

e M 4 kHeFE=0 = (16) (10) are in fact the implied velocity profile changes associated
. . ) with the use of a breaking submodel, here the eddy viscosity

The above equation is readily solved for z: model. In addition, since the changes presented here do not
affect the governing equations, all previous free surface

_ In[ 7 (e —1)] 7 benchmarks and calibrations remain unchanged, and, in
= —ht k (17) essence, the velocity profile changes in (10) are a post-

Therefore, with a specified value of &, zp is given and the
breaking modifications to the velocity profile in (10) can be
calculated. In the limit of very small k& (long wave), the
modifications resemble a linear trend going from a velocity
addition at the free surface to a velocity subtraction near the
bed, with zg approaching —/Z+H/2, the midpoint of the
instantaneous water column. For large 4, the modification is a

processing modification.
3. Comparison with experimental data

The modified velocity profile under breaking waves will be
compared with the available experimental data in this section.
The data of Cox et al. (1995) and Ting and Kirby (1995, 1996),
for both mean flows (undertoe) and phase-averaged velocities,
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Fig. 4. Comparison with the data of Ting and Kirby spiller. The top plot shows the mean crest level (stars), mean water level (triangles), and mean trough level
(circles) for the experiment as well as the numerical simulation. The lower subplots are the time-averaged horizontal velocities, where the experimental values are
shown with the dots, the breaking-enhanced Boussinesq by the solid line, and the unmodified Boussinesq results by the dashed—dotted line.
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is used. To achieve the best possible agreement with the data,
the following value of & is specified:

=u
The solutions are not strongly sensitive to this choice, with
numerator values ranging from 4 to 6 yielding similar results.
Note that the numerator value, as well as the chosen form of %,
are chosen based on the model employed here, and may be
different for other Boussinesq-type models. To elucidate how
the added terms to (10) will modify the profile, Fig. 2 gives Ug
for various free surface elevation values. At the free surface, an
addition is made such that the velocity is equal to C, where

Vegravity*H + U,

the nonlinear long wave speed corrected for the depth-averaged
current, U. Downward through the water column, the velocity
addition decreases until the modifications act to reduce the
velocity. Note that these curves will collapse if plotted against
(z—{)/H instead of z/h, following the {=0 curve given in
Fig. 2.

(18)

c=1

||

(19)
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For the Boussinesq simulations, the highly-nonlinear,
extended Boussinesq model is used for all simulations. A
close variation of the eddy—viscosity model is employed to
approximate wave breaking, as described in Lynett (in press).
As a first experimental comparison, the data of Cox et al.
(1995) is examined. Remember that this data has already been
compared with the “unmodified” model, as shown in Fig. 1.
The unmodified model, while capturing the mean velocity
correctly near the trough level, shows significant errors below
the trough. With the breaking velocity “enhancements”, the
mean velocities are predicted very well, as shown in Fig. 3.
Both the magnitude and the vertical variation of undertow are
captured throughout the surf zone. For this case, the breaking
enhancements are large, leading to big differences in the two
results, and indicating that for this wave, the Boussinesq
predicted free surface velocity is much less than the nonlinear
long wave speed. The agreement shown here is on par with
published comparisons, based on more physically robust and
computationally expensive formulations (e.g., Veeramony and
Svendsen, 2000).

Next, the data of Ting and Kirby, for spilling (1995) and
plunging (1996) breakers, is compared. These experiments
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look at cnoidal wave breaking on a 1/35 slope. First, mean
velocity profiles are discussed. In Fig. 4 are comparisons at
four locations along the slope. As with the Cox et al. data,
velocity measurements below the trough are available. The
breaking enhanced model does a much better job at represent-
ing the undertow profile, including the vertical variation. The
agreement at x=8.4 m is poor, although equal to the agreement
achieved in other models (e.g., Lin and Liu, 2004). As with the
data of Cox et al., the breaking enhanced model predicts a very
different undertow profile as compared to the unmodified
model.

A physical setup that does not show much difference
between the breaking enhanced and unmodified models is that
of Ting and Kirby (1996) for plunging cnoidal waves. For this
comparison, shown in Fig. 5, the breaking enhanced model is
compared with the experimental and the numerical results from
a RANS VOF model, COBRAS (Lin and Liu, 1998). Before
breaking, at x=6.3 m, the predictions of the two numerical
models through the entire water column are in agreement. In
the outer surf zone, the RANS model predicts the undertow
better, capturing the vertical variation. Also note that at these
locations, the positive mass flux, above the trough level, as
predicted by the two models are in very close agreement.
Moving towards the inner surf, the Boussinesq breaking
enhanced model yields a much better prediction of the
undertow, with excellent agreement at the two innermost
measurement locations. The breaking enhanced impact for this
case is in fact rather small, as can be inferred from the small
vertical variation of the undertow predicted by this model. This
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implies that the Boussinesq prediction of the free surface
velocity of the breaker is near the nonlinear long wave speed.

While examination of the undertow profiles indicates that
the breaking enhancements are correctly modifying the velocity
profiles in the mean sense, it does not necessary require that the
instantaneous profiles are being altered reasonably. To inves-
tigate this point, the data of Ting and Kirby (1995), for the
spiller, is re-examined. The experimental velocity profiles are
phase-averaged, which is the equivalent of the instantaneous
Boussinesq velocity profile, where turbulent fluctuations are
not modelled. Figs. 6—8 give comparisons at three locations,
x=7.2, 7.8, and 9 m, respectively. In the top plot of each of
these figures is the free surface elevation (waveform) for one
wave period.

Looking to the vertical profiles of horizontal velocity, given
in the lower subplots of the figures, it becomes clear that while
the breaking enhancements have been shown to predict
undertow well, they also capture the phase-averaged velocities
below the mean trough level. Given in each figure are three
profiles under the breaking part of the wave, and two
elsewhere. Note that the unmodified profiles are close to
vertically invariant at all locations under the wave. Only at the
trough of the wave, however, is this a good approximation.
The breaking enhancements show a large improvement over
the unmodified predictions, with the vertical variation and the
velocity magnitude very well modelled. It is also evident that
below the trough level, the proposed modification will act to
reduce the horizontal velocity under the breaker, thereby
generally decreasing the skewness (and asymmetry) of the
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under-trough velocity. The effect is opposite above the trough.
This incorrect under-trough prediction in the unmodified
Boussinesq model has been recognized previously; for
example see the “roller” velocity modification in some
Boussinesq models (commonly in the Madsen et al. (1997)
type Boussinesq models, see developments by Rakha (1998)).
To reiterate, the unmodified Boussinesq model is capturing the
depth-averaged velocity well at all locations — but the vertical
variation is missing under the breaking portion. This observa-
tion served as the spark for the research presented here.

4. Conclusions

A simple model for predicting the velocities under breaking
waves in depth-integrated models is developed. Under the non-
breaking portions of the wave, no modification is made to the
Boussinesq vertical profiles of velocity. The velocity modifi-
cation is formulated based on a specific exponential profile,
which is then added to the numerically predicted velocity
profile under a breaking wave. This modification is superficial
in that it does not directly change any of the hydrodynamic
calculations inside the depth-integrated model. However, if one
were to employ these modifications in a model that used the
velocity for transport predictions through the surf and swash,
the predictions would be different. The modifications can be
employed in any of the numerous Boussinesq-type models, and
is not dependant on the use of any of the existing breaking
dissipation schemes. It is reiterated here that much of the
benefit of this “breaking enhancement” comes from its
simplicity and ability to be seamlessly integrated into existing
models.

While the established experimental data with which to
compare these modifications is limited, the results are
promising in both the average and instantaneous sense. The
approach presented here could be extended to the boundary
layer as well, or, alteratively, one could use a more physically
detailed approach (e.g., Liu and Orfila, 2004). Extension of this
approach to 2HD is also straightforward, although additional
and ongoing research into the inclusion of vertical vorticity
evolution is equally important for velocity profile modeling.
With accurate velocity profiles both in magnitude and vertical

variation, such as those given here, using established Boussi-
nesq-type models, without additional viscous sub-models, to
simulate transport in the surf zone becomes a more promising
endeavor.
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